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A UNIQUENESS THEOREM AND ITS APPLICATION 
TO FIELD-THEORETICAL MODELS WITH A FUNDAMENTAL LENGTH 

DANIEL H.T. FRANCO 

Abstract. It is shown that if a distribution V of exponential growth has support in a proper 
convex cone and its Fourier transform is carried by a closed cone different from whole space, then 
V — 0. The application of this result to a quasi-local quantum field theory (where the fields are 
localizable only in regions greater than a certain scale of nonlocality) is contemplated. In particular, 
we show that a number of physically important predictions of local quantum field theory also hold 
in a quantum field theory with a fundamental length, as indicated from string theory. 



1. Introduction 

In Ref. [1, 2] Soloviev showed that if a distribution u & has support in a proper convex cone 
and its Fourier transform, an analytic functional v belonging to the space Z' of ultradistributions 
of Gel'fand and Shilov, is carried by a closed cone C different from the whole space, then u = 0. 
(In [1, 2] Soloviev uses the notation S'^ in place of Z' in order to stress that this is the smallest space 
among the Gel'fand-Shilov [3] spaces S'^, < /? < 1, traditionally adopted in nonlocal quantum 
field theory). His proof is based on the notion of the analytic wavefront set of a distribution and 
makes possible to deal nonlocal quantum fields. In this paper, we show that a similar uniqueness 
theorem also holds for the space of distributions of exponential growth V € H' , since the latter is 
embedded in the space of distributions. Thus, we can use the general facts from distribution theory 
to analyse the analytic wavefront set of a distribution of exponential growth. It is known that the 
Fourier transform is a topological isomorphism between elements in H' and elements in the space 
of tempered ultrahyper functions f)' . The tempered ultrahyper functions, originally called tempered 
ultradistributions, has been studied by many authors [4]- [20] and represents a natural generalization 
of the notion of hyperfunctions on M"", but are non-localizahle. We shall show that if a distribution 
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V of exponential growth has support in a proper convex cone and its Fourier transform, an analytic 
functional U £ Sj' , is carried by a closed cone different from whole space, then V = 0. 

The plan of the paper is as follows. In Section 2, we introduce the notation and definitions 
used here. In Section 3, we shall collect some facts of the theory on tempered ultrahyperfunctions. 
There we define the space of tempered ultrahyperfunctions corresponding to a proper open convex 
cone. Properties of analytic functionals in f)' with real unbounded carriers are investigated in the 
Section 4. Section 5 is devoted to the proof of uniqueness theorem. We note that this result is of 
importance in the construction and study of quasilocal quantum field theories (where the fields are 
localizable only in regions greater than a certain scale of nonlocality) . For this reason, in Section 6, 
as an application of the uniqueness theorem, we give also a proof of the validity of some important 
theorems in quantum field theory, namely the proofs of the CPT theorem (which is the basis of 
particle and anti-particle symmetry) and the theorem on the Spin-Statistics connection (which is 
the basis for the stability of matter in the Nature) in the setting of a quantum field theory with a 
fundamental length. This section is meant for mathematicians who also want to become acquainted 
with the applications of tempered ultrahyperfunctions in physics, as well as for physicists who are 
interested in tempered ultrahyperfunctions as part of mathematical and theoretical physics. 



The following multi-index notation is used without further explanation. Let (resp. C" = 
R"-|-zM") be the real (resp. complex) n-space whose generic points are denoted by x = (xi, . . . ,x„) 
(resp. z = {zi,. . . , Zn)), such that x + y = (xi + yi, . . . , Xn + Vn), Ax = (Axi, . . . , Ax„), x > means 
xi > 0, . . . , x„ > 0, {x,y) = xiyi + • • • + x„y„ and |x| = |xi| + • • • + |x„|. Moreover, we define 
a = («!, . . . ,an) € N", where No is the set of non-negative integers, such that the length of a is 
the corresponding £-'^-norm \a\ = ai + • • • + a„, q + /3 denotes (ai + Pi, . . . , a„ + /3„), a > P means 

(ai >/?!,..., Q!„ > Pn), = CKl! ■ ■ ■ On!) = ■ ■ ■ 3^n" ' f^^^fi 

' dx'l'dxf ...dx?r ' 

Let Q be a set in M". Then we denote by 0,° the interior of O and by O the closure of 0,. For r > 0, we 
denote by B{xo; r) = {x € M" | |x — Xo| < r} a open ball and by B[xo; r] = {x G | |x — Xo| < r} 
a closed ball, with center at point Xq and of radius r = (ri, . . . ,r„), respectively. 

We consider two n-dimensional spaces - x-space and ^-space - with the Fourier transform defined 
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while the Fourier inversion formula is 
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The variable ^ will always be taken real while x will also be complexified - when it is complex, it 
will be noted z = x + iy. The above formulas, in which we employ the symbolic "function notation," 
are to be understood in the sense of distribution theory. 

We now remind some terminology and simple facts concerning cones. An open set C C M" is 
called a cone if M+ ■ C C C. A cone C is an open connected cone if C is an open connected set. 
Moreover, C is called convex if C + C C C and proper if it contains no any straight line. A cone C 
is caUed compact in C - we write C" (s C - if the projection prC' =^ c' fl 5"^i c prC =^ C n S"'^^, 
where S"^'^ is the unit sphere in R". Being given a cone C in y-space, we associate with C a closed 
convex cone C* in ^-space which is the set C* = G M" | y) > 0, V y G C}. The cone C* is 
called the dual cone of C. In the sequel, it will be sufficient to assume for our purposes that the 
open connected cone C in R" is an open convex cone with vertex at the origin and proper. By 
r(C) we will denote the set M" + C C". If C is open and connected, T(C) is called the tubular 
radial domain in C", while if C is only open T(C) is referred to as a tubular cone. In the former 
case we say that f{z) has a boundary value U = BV{f{z)) in ^' as y — 0, y G C or y G C" ^ C, 
respectively, if for all ip & the limit 

{U,tp)= lim / f{x + iy)2p{x)(Px , 

yeC or C" 

exists. We will deal with tubes defined as the set of all points 2; G C" such that 

r(C) = {x + iyGC"|xGR",yGC,|y|<(5} , 
where > is an arbitrary number. 

3. Tempered Ultrahyperfunctions 

We shall introduce briefly here some definitions and basic properties of the tempered ultrahyper- 
function space of Sebastiao e Silva [4, 5] and Hasumi [6] (we indicate the Refs. for more details). 
To begin with, we shall consider the function 

^K(0 = sup(e,x) , CgM", 

xeK 

where K is a compact set in R". One calls hxH) the supporting function of K. We note that 
hxiO < °o for every ^ G R" since K is bounded. For sets K = [— /c,/c]'^, < < 00, the 
supporting function hxH) can be easily determined: 

n 

hK{i) = sMi,x) = m, cgm", iei = ^ieii. 

Let K he a convex compact subset of R", then Hi,{W^; K) (b stands for bounded) defines the 
space of all functions G C°°(R"') such that e'*^*-^^-D"/(^) is bounded in R" for any multi-index a. 
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One defines in Hi,(W^; K) seminorms 

(3.1) \Mk,n = sup {e'^^(«)|L>"/(0|} < oo , TV G N . 

a<N 

li Ki C K2 are two compact convex sets, then ^ hx^iO^ thus the canonical injection 

HbiW"", K2) ^ -?/f,(M"; Ki) is continuous. Let O be a convex open set of M". To define the topology 
of i7(M";0) it suffices to let K range over an increasing sequence of convex compact subsets 
Ki, K2, . ■ ■ contained in O such that for each i = 1,2,..., Ki C K°_^-^ and O = IJ^^ K^. Then the 
space iJ(M";0) is the projective limit of the spaces Hh(W'-;K) according to restriction mappings 
above, i.e. 

(3.2) H{W; O) = lim proj //^(M"; K) , 

K<zO 

where K runs through the convex compact sets contained in O. Any C°° function of exponential 
growth is a multiplier in H{K^\0). 

Theorem 3.1 ([6, 8, 15]). The space ^(M") of all -functions on with compact support is 
dense in H{W;K) and H{W;0). Moreover, the space H{W;W) is dense in H{W;0) and in 
H{W;K), and H{W^;R"') iJ(R";M'*) is dense in H{W^+'';W^+''). 

Prom Theorem 3.1 we have the following injections [8]: 

ii"'(M";K) ^ i/'(M";R") ^ ^'(M") , 

and 

Definition 3.2. The dual space H'{W^; O) of H{W^] O) is the space of distributions of exponential 
growth. 

A distribution V € i7'(IR";0) may be expressed as a finite order derivative of a continuous 
function of exponential growth 

y = Z5j[e'^-(€)5(0] , 

where g{^,) is a bounded continuous function. For V G H'{W^; O) the following result is known: 

Lemma 3.3 ([8]). A distribution V G ^'(M") belongs to H'{R^;0) if and only if there exists a 
multi-index 7, a convex compact set K C O and a bounded continuous function g{$,) such that 

V = Dj[e^-(^^g{0] . 
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In the space C" of n complex variables Zj = Xi+iyi, 1 < i < n, we denote by T{0,) = W^+i^l C 
the tubular set of all points z, such that t/i = Imzj belongs to the domain 0, i.e., Q is a connected 
open set in called the basis of the tube T(0). Let if be a convex compact subset of M", then 
Sjl,{T{K)) defines the space of all continuous functions cp on T{K) which are holomorphic in the 
interior T{K°) of T{K) such that the estimate 

(3.3) |V9(z)|<M^,^,_^M(l + |z|)-^ 

is valid. The best possible constants in (3.3) are given by a family of seminorms in Sjb{T{K)) 

(3.4) ||^||r(i^),jv = mf|M M I sup {(1 + |2:|)^|</.(z)|} < oo,iV G n| . 

If Ki C K2 are two convex compact sets, we have that the canonical injection 

(3.5) ^b{T{K2)) Sjb{T{Ki) , 
is continuous. 

Let K be a convex compact set in M". Then the space Sj{T{K)) is characterized as a inductive 
limit 

(3.6) ^{T{K)) = limind i36(r(Ki)) , 

where Ki runs through the convex compact sets such that K is contained in the interior of Ki and 
the inductive limit is taken following the restriction mappings (3.5). 

Given that the spaces Sjb{T{Ki)) are Prechet spaces, with topology defined by the seminorms 
(3.4), the space S}{T{0)) is characterized as a projective limit of Prechet spaces: 

(3.7) HT{0)) = hmproj S)b{T{K)) , 

KcO 

where K runs through the convex compact sets contained in O and the projective limit is taken 
following the restriction mappings above. Any C°° function which can be extended to be an entire 
function of polynomial growth, that is, slow growth, is a multiplier in S^{T{0)). 

For any element U & Sj' , its Fourier transform is defined to be a distribution V of exponential 
growth, such that the Parseval-type relation 

(3.8) (F,^) = (C/,V) , cpeH , ^l; = ^[cp]eS) , 

holds. In the same way, the inverse Fourier transform of a distribution V of exponential growth is 
defined by the relation 

(3.9) {U,il;) = {V,ip) , 4^ e Sj , ip = ^-'[i/j] e H . 
It follows from the Fourier transform and Theorem 3.1 the 
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Theorem 3.4 ([8, 15]). The space S){T{W)) is dense in^{T{0)) and mSj{T{K)), and the space 
^(r(M™+")) IS dense in 9){T{0)). 

Proposition 3.5 ([8]). /// G H(W^]0), the Fourier transform of f belongs to the space 9){T{0)), 
for any open convex non-empty set O C M". By the dual Fourier transform i?'(M";0) is topologi- 
cally isomorphic with the space S)'{T{—0)). 

Let us now recall very briefly the basic definition of tempered ultrahyperfunctions. These are 
defined as elements of a certain subspace of Z' of ultradistributions of Gel'fand and Shilov which ad- 
mit representations in terms of analytic functions on the complement of some closed horizontal strip 
of the complex space, and having polynomial growth on the complement of an open neighborhood 
of that strip. 

Let be the space of all functions f{z) such that (i) f{z) is analytic for {z € C" | |Imzi| > 
p, |Imz2l > • • • ) z„| > p}, (a) f{z)/zP is bounded continuous in {z G C" | |lmzi| ^ 
p, |Imz2| = P, - ■ ■ , \^^Zn\ ^ p}, where p = 0, 1,2, . . . depends on f{z) and (Hi) f{z) is bounded 
by a power of z, \f{z)\ < M(l + l^;])^, where M and N depend on f{z). Define the kernel 
of the mapping / : ^{T{W^)) — > C by 11, as the set of all z-dependent pseudo-polynomials, 
z G C" (a pseudo-polynomial is a function of z of the form z|G(2;i, Zj+i, 2;„), 
with G{zi,...,Zj-i,Zj-\-i,...,Zn) G J^iv)- Then, f{z) G belongs to the kernel 11 if and only 
if {f{z),^p{x)) = 0, with tpix) G ^(T(IR")) and x = Rcz. Consider the quotient space ^ = J^/n. 
The set ^ is the space of tempered ultrahyperfunctions. Thus, we have the 

Definition 3.6. The space of tempered ultrahyperfunctions, denoted by '^(M"), is the space of 
continuous linear functional defined on ij(r(]R")). 

In the sequel we will put Sj = ?){C^) = ?){T{W^)) and the dual space of will be denoted by Sj'. 

Theorem 3.7 (Hasumi [6], Proposition 5). The space of tempered ultrahyperfunctions is alge- 
braically isomorphic to the space of generalized functions Sj' . 

3.1. Tempered Ultrahyperfunctions Corresponding to a Proper Convex Cone. Let C be 

a proper open convex cone, and let C (£ C. Let S[0;r] denote a closed ball of the origin in M"^ of 
radius r, where r is an arbitrary positive real number. Denote T{C'; r) = R"' + i(C"\ (Cn-B[0; r])). 
We are going to introduce a space of holomorphic functions which satisfy certain estimate according 
to Carmichael [10]. We want to consider the space consisting of holomorphic functions f{z) such 
that 

(3.10) |/(z)| < M(C7')(l + lz|)^e^c-{j/) ^ zeT{C';r), 

where hc*{y) = sup^g^, is the supporting function of C*, M(C") is a constant that depends 
on an arbitrary compact cone C and is a non- negative real number. The set of all functions 
f{z) which are holomorphic in T{C'\r) and satisfy the estimate (3.10) will be denoted by 
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Remark 1. The space of functions ,J^° constitutes a generalization of the space 21^ of Sebatiao e 
Silva [4] and the space CL^ of Hasumi [6] to arbitrary tubular radial domains in C". 

Lemma 3.8 ([10, 17]). Let C be an open convex cone, and let C d C. Let h{^) = e''^^^g{(^), 
^ G M", be a function with support in C* , where g{S^) is a bounded continuous function on M". Let 
y be an arbitrary but fixed point of (C \ (C fl i?[0;r])). Then e~^^'^''/i(^) G L^, as a function of 
$, e R". 

Definition 3.9. We denote by H'^* (M"; O) the subspace o/ii''(M"'; O) of distributions of exponential 
growth with support in the cone C* : 

(3.11) H'c^iMJ'-O) = |f G H'{W-0) I supp(F) C C*} . 

Lemma 3.10 ([10, 17]). Let C be an open convex cone, and let C m C. Let V = Dj[e'''^^i^ g{^)], 
where g{^) is a bounded continuous function on M" and hxiO = k\^\ for a convex compact set 
K = Let V G H'^,{W-0). Then f{z) = (27r)-"(V", e-^<«'^)) is an element of . 

We now shall define the main space of holomorphic functions with which this paper is concerned. 
Let C be a proper open convex cone, and let C" C. Let 5(0; r) denote an open ball of the origin 
in R" of radius r, where r is an arbitrary positive real number. Denote T(C'\r) = R" + %{C' \ 
(C n 5(0; r))). Throughout this section, we consider functions f[z) which are holomorphic in 
r(C") = M" + iC" and which satisfy the estimate (3.10), with 5[0;r] replaced by 5(0; r). We denote 
this space by We note that C 3^° for any open convex cone C. Put '^c = .^*°/n, 

that is, is the quotient space of by set of pseudo-polynomials LI. 

Definition 3.11. The set is the space of tempered ultrahyperfunctions corresponding to a proper 
open convex cone C C R". 

The following theorem shows that functions in have distributional boundary values in 

Sj'{T{0)). Further, it shows that functions in satisfy a strong boundedness property in 

S^'{T{0)). 

Theorem 3.12 ([18]). Let C be an open convex cone, and let C m C. Let V = D^le^x^^') g{Ci\, 
where g{^) is a bounded continuous function on M" and hxiO = k\^\ for a convex compact set 
K= Let V e H'(.,{W;0). Then 

(i) f{z) = (27r)-"(F,e-*<^'^)) is an element ofJ^*°, 

(ii) {/(-?) I y = Imz E C' ^ C, \y\ < Q} is a strongly bounded set in Sj'{T{0)), where Q is an 
arbitrarily but fixed positive real number. 
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{in) f{z) ^ ^ ^^\^ ^'{'^{O)) in the strong (and weak) topology of Sj' {T{0)) as y = lm.z 
0, y G C (£ C. 

The functions f{z) G J^*" can be recovered as the (inverse) Fourier-Laplace transform of the 
constructed distribution V € i/^, (M";0). This result is a version of the Paley- Wiener- Schwartz 
theorem in the tempered ultrahyperfunction set-up. 

Theorem 3.13 ([18]). Let f{z) G J^*°, where C is an open convex cone. Then the distri- 
bution V G (IR";0) has a uniquely determined inverse Fourier- Laplace transform f{z) = 
(27r)~"((y, e^*^^'^^) which is holomorphic in T{C') and satisfies the estimate (3.10), with B[Q;r] 
replaced by B(0;r). 

The same proof as in Carmichael [11, Theorem 1, equation (4)] combined with the proofs of 
Theorems 3.12 and 3.13 shows that the following corollary is true. 

Corollary 3.14. Let C be an open convex cone, and let C (e C. Let f{z) G J^*°. Then there 
exists a unique element V G iJ^, (M"; O) such that 

(3.12) f{z) = [e-<«'^>y] , z G T(C'; r) = + i{C' \ (C n 5(0; r))) , 

where (3.12) holds as an equality in Sj'{T{0)). 

Remark 2. It is important to remark that in Theorems 3.12 and 3.13 we are considering the 
inverse Fourier-Laplace transform f{z) = (27r)~"(y, e~'^^'^^), in opposition to the Fourier-Laplace 
transform used in the proof of Theorem 1 of Ref. [11]. In this case the proof of Corollary 3.14 

is achieved if wc consider ^ as belonging to the open half-space G C* | {C,y) < O}, for y G 
C \ {C n B{0;r)), since by hypothesis f{z) G J^*". Then, from [22, Lemma 2, p.223] there is 
5{C') such that for y e C \ {C n B{0;r)) implies {^,y) < -6{C')\^\\y\. This justifies the negative 
sign in (3.12). 

4. Analytic Functionals in Sj'{T{0)) Carried by the Real Space 
Let f2 be a closed set in T{0). Let Q,m be a closed neighborhood of $7 defined by 

= (z G C" I dist(z,0) < 1/m} . 

For a closed set of C", S)i,{VLrn) is the space of all continuous functions il) on which are 
holomorphic in the interior of and satisfy 

IIV'l|n.,iv= sup{(l + |z|)^|^(z)|} . 
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„i) is a Frcchet space with the seminorms HV'llnmjiV- If < iT^t C i^m', then we have the 
canonical injections 

(4.1) ^bi^m') ^ ^bi^m) ■ 

We define the space S){^) 

(4.2) Sj{n) = \imj>vojSjb{nm) , 

m— >oo 

where the projective Hmit is taken following the restriction mappings (4.1). 

Definition 4.1. An analytic functional U G S)'(T{0)) is carried by the closed set Q C with 
respect to the decreasing sequence {Qm}m=i of neighborhoods ofQ, if for every m the functional U 
is already afunctional on the space Sjbi^m) of restrictions to ilm of functions in Sj{T{0)). 

In this section, in particular, we restrict ourselves to the case where Jl is contained in R" = G 
\ z = x + iy,x^ W^,y = O}. In this case, every function f(z) G J^*", which for each y & C' 
as a function of x = Rez belongs to ^'(T(0)), is a continuous linear functional on the space of 
restrictions to M" of functions in i^(T(0)). Then, according to Theorem 3.12(zm), U = BV{f{z)) 
the distributional boundary value of f{z) is an element of ?)'{T{0)) carried by W\ 

Let C be an open cone of the form C = UJLi ^j' < where each Cj is an proper open 
convex cone. If we write C (e C, we mean C = Uj=i "^^^^ Cj d Cj. Furthermore, we define 
by C* = G I > 0,Vx G Cj} the dual cones of Cj, such that the dual cones Cj", 

j = 1, . . . ,m, have the properties 

m 

(4.3) M"\Uc;, 

and 

(4.4) C;f]Cl ,j^k,j,k = l, 



, m 



are sets of Lesbegue measure zero. Assume that V G iI^,(M"; O) can be written as V = YlY=i 
where we define 

(4.5) Vj = Dj[e^-(^h,{09m , 

with Xj{^) denoting the characteristic function of Cj", j = 1, . . . , m, g{^) being a bounded continuous 
function on R" and hxiCj = for a convex compact set K = [— fe, /c]". In the following theorem 
not only ^~^[V] but also V is represented as sum of boundary values of holomorphic functions. 

Theorem 4.2. For V G H'^,{W; O) represented asV = YJJLi Vj where 

Vj = Dj[e^^-(^h,{09m , 
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with Aj(,^) denoting the characteristic function of , j = 1, . . . ,m, g{^) being a bounded continuous 
function on M" and hxH) = k\^\ for a convex compact set K = [— fc, , the following statements 
are equivalent: 

St.l- G ^'(r(0)) is carried by M". 

St.2— Let C be an open cone such that C = [j^=iCj, where the Cj are open convex cones such 
that (4-3) and (4-4) o,f^ satisfied. U = ^~^[V] is the sum of distributional boundary values 
in Sj'(T{0)) of functions fj{z) G J^*°, j = l,...,m. 

St.3— V is the sum of distributional boundary values Vj G H'^t{W^;0) of functions Vj{Q holo- 
morphic in + iCj, j = 1, . . . ,m, satisfying for any CJ' (e Cj, the estimate 

(4.6) |^;,(C)|<K,(C;')(l + |7?|)^e'=l«l, ry G C*' . 



Proof. Proof that St.l =^ St.2. Consider 

(4.7) hy{0= [ 1^ e^<«'^>crx , zeT{C';r), 

with hy{$,) = e'^l^l(7jy(^), where g{^) is a bounded continuous function on M", and P{iz) = {—i)^'^^z'^. 
By hypothesis f{z) G M'*" and satisfies (3.10), with S[0;r] replaced by B{0;r). For this reason, 
for an n-tuple 7 = (71, . . . ,7„) of non-negative integers conveniently chosen, we obtain 

< M(C')(1 + I^D-^-^e'*-*^^) , 

where n is the dimension and e is any fixed positive real number. This implies that the function 
hy{^) exists and is a continuous function of ^. Further, by using arguments paralleling the analysis 

in [22, p. 225] and the Cauchy-Poincare Theorem [22, p. 198], we can show that the function hy{^) 
is independent of y = Imz. Therefore, wc denote the function hy{^) by h{^). 

From (4.8) we have that f{z) /P{iz) G as a function of x = Re z G M", y G C" \ (C fl 5(0; r)) . 
Hence, from (4.7) and the Plancherel theorem we have that e~^^'^^/i(^) G as a function of ^ G M", 
and 

(4.9) =^-i[e-<«.2')/i(0](x) , zeT{C'-r) , 

where the inverse Fourier transform is in the sense. It should be noted that for Eq.(4.9) to be 
true ^ must belong to the open half-space G C* | {^,y) < O}, for y & C \ (C fl B{0;r)), since 
by hypothesis f(z) G J^*" (see Remark 2). 



(4.8) 



P(iz) 



From (3.9), we have 
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{^-\v],i^) = {v,^-\i^]) 

(4.10) = i;(A,(0/i(0, ^ j^^ I)|(v(x)e-<«'-))d« 



r — ' C 3j/— >u \ 



where we have used the fact that the differentiation under the integral sign is valid. We note that 
V'(x) € ^(r(0)) implies {z'^i;{x)) G ^{T{0)) as a function of a; = Re^ G M". 
Prom (4.9), we have for z G T{C';r) 



i^^^ix + iy)-'' fix + iy),^{x)) = (^-^[e-^^'yh{0],^{x)) , 



(4.11) =^(^-i[e-<«'^>A,(OMO],V'(^ 
Combining (4.10) and (4.11), we obtain 



Thus the inverse Fourier transform ^ ^[y] is a distributional boundary value of ^jLi fj{^) hi the 
sense of weak convergence. But from [23, Corollary 1, p. 358] the latter implies strong convergence 
since ^{T{0)) is Montel. 
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Proof that St. 2 =^ St. 3. In the following we shall write Cj = C + 'i-Vj^ with rjj G C* <e C*. It 
follows that for ip € H{W'; O) 

m „ 

^C"*9?Jj— >-0\ 7]Kn / 
m „ 

m „ 

Each function Vj(C) = {Uj, e^^^'^^) is holomorphic in M" + iC*, j = I, . . . ,m. 

Now, since we consider y as a distribution in if'(M";0), [7 = ^~^[V] acts, in principle, on 
functions in Sj{T{0)). We need a decomposition of C/ as sum of analytic functionals carried by 
closed convex cones Cj in M'*. For that purpose we introduce the following space, S){{Cj)s), of 
analytic functions. Let Cj be a closed convex cone in R". As in Ref. [15], for e > 0, we define the 
closed complex e-neighborhood of Cj by 

{Cj)e = {z eC" \ 3x e Cj,\Rez-x\ + < e} , 

where is a norm of R" satisfying > \y\ for the Euclidean norm \y\. Let Lq, be the closure 
of (Cj)£/(i+i/Q,). Sji,{La) is, by definition, the space of all continuous functions ip on which are 
holomorphic in the interior of and satisfy 

IHk,iv= sup{(i + N)^|v^(^)|} . 

S}f,{La) is a Frechet space with the seminorms H^'UlcAT- If < Oi^, L^^ C Lq,^, then we have the 
canonical injections 

(4.12) Sj,{La^) ^ Sj,{L^^) . 
Then, we define the space S){{Cj)s) 

(4.13) HiCj)s) = limproj fj^iLa) , 

a — >oC' 

where the projective limit is taken following the restriction mappings (4.12). According to Rcf. [15, 
Theorem 2.13], is dense in S^{{Cj)s)- This implies that e*^'''^^ as a function of z can be approx- 
imated in S){{Cj)s) by functions in S). We now invoke the Riesz's Representation Theorem. If Uj 
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is a continuous linear functional on i5((Cj)e), that is, 

|(C/,-,V)|<M, sup {{l + \z\fmz)\} , 

zeiCj)e 

iVeN 

for a fixed Mg depending on e and all ip, then there exists a measure iJ,j on {Cj)s such that for all 
i^iz) inij((C,),) 



= / ip{z)diij{z) . 

Ji.Cj)e 

Moreover, the number J \diXj{z)\ may be taken as the bound of Uj, i.e., the number Mg above. 
Thus, it follows that 



The above representation yields for Uj carried by Cj in M" 

{ WA^)\ ^ f \dfijiz)\ 

Furthermore, using the mean value theorem, one can verify that, for each tp G iJ(R"; O) and 
rj G Cj*, the Riemann sums corresponding to the integral 

converge in the space S){Cj), j = 1, . . . ,m to tpr}{z) = ip{z)e~^^, where 
Hence, the identity 

{Uj,i;{z)e-^^) = [ viOvjiOdJ'^, 



holds in Cj. It is straightforward to prove the convergence ^ C'* (s 3 ry — >■ 0. Finally, 
the estimate (4.6) is a consequence of the inequality |(?7j, e*^'''^^)| < ||C^j||(Cj)e,Ar||e'^^'^^ ||(Cj)e,Ar- 
Then, it follows that 



\v 



iO\<Me sup {l + \x\f\e'^^^'^\ = M, sup {1 + \x\f e^"'""^ e^^'^l 



NeN NeN 



Now, assume that x belongs to the open half-space |a; S Cj \ {rj,x) < O}. Then, for some fixed 
number 1 > 5{Cj') > 0, it follows that {i],x) < -5{C*')\r]\\x\ for rj G C*'. Thus, 

11^^(01 < M^e^l^l sup(l + \t\fe-^^^y^^^y^ 



< K,(Cf)(l + Ir/D-^e'^l^l , ri G C*' d C* 
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Proof that St. 3 =^ St.l. It is obvious. □ 

Remark 3. An analogous theorem to the Theorem 4.2 was obtained by J.W. de Roever [21] to the 
space of analytic functional in Z'. 

5. Uniqueness Theorem 
We now state the main theorem of this paper. 

Theorem 5.1 (Uniqueness Theorem). Let V G H'(W^;0) be a distribution of exponential growth 
whose support is contained in some proper convex cone C* . Then only the whole of can be a 
carrier of U = ^^^[V]. 

For our proof of the Theorem 5.1 we need a lemma on the analytic wavefront set of V, denoted by 
WFa{V). Since the distributions of exponential growth are embedded in the space of distributions, 
we can use the general facts from distribution theory to analyse the analytic wavefront set WFa 
of a distribution V G i?'(M"';0). The reader, who wants to obtain further insight on the concept 
of analytic wavefront set of distributions, is referred to the Hormander's textbook [24, Chapters 8 
and 9]. 

Lemma 5.2. IfV& H'{R"-;0) and U = ^^'^[V] is carried by a closed cone C, then 

WFa{V) C M" X C . 



Proof. Let {Cj}j^L be a finite covering of closed properly convex cones of C. Decompose U as 
follows: 

(5.1) U = Y,U,, 

The decomposition (5.1) will induce a representation of V in the form of a sum of boundary values 
of functions Vj{C,), such that fj(C) — > V^- as ?7 — >■ 0, G C*' C C*. According to Theorem 4.2, the 
family of functions Vj{C) satisfy the estimate 

|^;,(C)| < K,(C;')(1 + Hfe^^^\ , r? G C*' d C* , 

unless {r],x) > for jy G C| and x G Cj. This implies that the cones of "bad" directions responsible 
for the singularities of these boundary values are contained in the dual cones of the base cones. So, 
we have the inclusion 

(5.2) WFa{u) C X (J Cj . 

i 

Then, by making a refinement of the covering and shrinking it to C, we obtain the desired result. □ 
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Wc now turn to the proof of Theorem 5.1. It is essentially the restriction of proof of Soloviev's 
Uniqueness Theorem [1, 2] to the space of distributions of exponential growth, since the latter is 
embedded in the space of distributions. For this reason, we limit ourselves to explain, exactly as 
in [1, 2], the role that the Lemma 5.2 plays in the derivation of Theorem 5.1. We begin with the 
simplest case when G supp V. Then every vector in the cone — C \ {0} is an external normal to 
the support at the point 0. By Theorem 9.6.6 of [24], all the nonzero elements of the linear span 
of external normals belong to WFj^{V)^=o. Because the cone C* is properly convex, the interior 
of C is not empty, and this linear span covers M". Therefore, by Lemma 5.2, each carrier cone of 
U = ^~^[V] must then coincide with M". The general case can be reduced to this special case 
by considering the series Yl'jLiCijVj: (of suitable contractions), where Vj{^) = V{jS,). As shown 
in [1, 2], the coefficients aj can be chosen such that this series converges in ^'(M") to a distribution 
whose support contains the point and whose Fourier transform is carried by the same cones that 
U = J^~^[V] is. Then the proof of Theorem 5.1 follows from the fact that we can consider the 
distributions V G ^'(M") which belong to i?'(M"; O) in accordance to Lemma 3.3. 

6. Connection with Field-Theoretical Models with a Fundamental Length 

This section represents a border between mathematics and physics. The results given here have 
an independent, purely mathematical, interest. It is to be hoped that the results of this section 
meet with the interest of theoretical physicists and mathematicians who are working with quantum 
field theory, or string theory. Recent developments [15] have shown the need for analytic functionals 
which are Fourier transform of distributions of exponential growth in order to treat quantum field 
theories which require a fundamental length, as indicate from string theory. 

According to Wightman [25]- [28], the conventional postulates of QFT can be fully reexpressed 
in terms of an equivalent set of properties of the vacuum expectation values of their ordinary field 
products, called Wightman distributions 

(6.1) 2U^(/l ^ • • • /™) =' {fio I Hfl) ■ • • Hfrn) I ^o) , 

where (/i ^ • • • (8) fm) = /i(a^i) ■ • • fmi^m) is considered as an element of c5^(M^™), and | Oq) is the 
vacuum vector, unique vector time-translation invariant of the Hilbert space of states. 

Remark 4. To keep things as simple as possible, wc will assume that the Wightman distributions 
are "functions" Wm{xi, ■ ■ ■ ,Xm)- The reader can easily supply the necessary test functions. 

As a general rule, the continuous linear functionals 211^(3^1, ■ ■ ■ ,Xm) are assumed to satisfy the 
following axioms: 

Ax.l (Temperedness). The Wightman functions Wmixi, ■ ■ ■ ,Xm) arc tempered distributions in 
^'(M^™), for all m > 1. This property is included in the list of properties for a QFT for 
technical reasons. 
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Ax. 2 (Poincare Invariance). Wightman functions arc invariant under the Poincare group 

WmiJ^Xi + a, . . . , KXm + a)= Wmixi, Xm) ■ 

Ax. 3 (Spectral Condition). The Fourier transforms of the Wightman functions have support in 
the region 

m k 

{ {Pi, ■ ■ ■ ,Pm) e I Y.Pi = 0' J2p^ ^ k = l,...,m-l] , 

i=i i=i 

where V+ = {(p°,p) G \ > 0,p° > 0} is the closed forward light cone. 

Ax.4 (Local commutativity). This property has origin in the quantum principle that operator 
observables $(x) corresponding to independent measurements must comute. 

2^02 (.T]^ , . . . , Xj , Xj-^-1 , . . . , XiTi) — 2Um(xi , . . . , 2-^+1 ; Xj , . . . , 3^m) ) 

if {xj — Xj+i)^ < 0. 

Ax.5 For any finite set fo, fi, ■ ■ ■ , In of test functions such that /„ G C, fj G ^(M^-') for 1 < j < 
N, one has 

N 

m+iif;(^fi)>o . 

k,e=o 

Ax. 6 (Hermiticity) . A neutral scalar field must be real valuod. This implies that 

23Jm(3^1; X2, ■ ■ ■ J Xxn—l-i Xjn) = ^SfniXmi Xm—lj ■ ■ ■ jXi, X2) ■ 

In string theory, it is said that there is a fundamental length i > such that one cannot 
distinguish events which occur in a smaller distance than £ [29]. Therefore, string theory is non- 
localizable. Hence, generalizing the properties Ax.l to Ax. 6 in string theory is not as simple. 
Here, the question is: how can the Property Ax.4 be described in field theory with a fundamental 
length? For this question, one answer has been suggested by Briining-Nagamachi [15]. They 
have conjectured that tempered ultrahyper functions are well adapted for their use in quantum 
field theory with a fundamental length. Although tempered ultrahyperfunctions have no standard 
localization properties, a model for relativistic quantum field theory with a fundamental length 
can be constructed which offers many familiar features. The analysis of Briining-Nagamachi [15] 
has shown that the vacuum expectation values of a QFT with a fundamental length in terms of 
tempered ultrahyperfunctions satisfies a number of specific properties. Wc shall not give all axioms 
defining a quantized field with a fundamental length but only those which are needed in this section 
(we refer to Briining-Nagamachi [15] for details). 
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Ax/1 2ITo = 1, Wra G for n > 1, and W^if*) = 2IJ„(/), for all / G Sj{T{R^"^)), where 

/*(zi, . . . ,Z„i) = f{zi, . . .,Zm)- 

Ax/2 The Wightman functionals Wm are invariant under the Poincare group 

2IJ„i(Aa;i + a, . . . , Aa;,„ + a) = 2IJ^(a;i, . . . , Xm) ■ 

Ax.'3 Spectral condition. Since the Fourier transformation of tempered ultrahyperfunctions are 
distributions, the spectral condition is not so much different from that of Schwartz distri- 
butions. Thus, for every m G N, there is Wm G (M'''", M'''") [15], where 

(6.2) H'y. (R^"^, R^"^) = |f G //'(M^"*, M^"^) | supp (^^) C F*} , 
with y* being the properly convex cone defined by 

m k 

{ (Pl, • • • :Pm) G M^" I Y.Pi = 0' SZ^^- ^ "^+' = 1, • • • - 1 } , 

j=l j=l 

where y+ = {(p°,p) G | > 0,p° > 0} is the closed forward hght cone. 

Ax/4 Extended local commutativity condition. Let f,g be two test functions in ^(r(R^)), then 
the fields ^*(/) and ^{g) are said to commute for any relative spatial separation i' > i of 
their arguments, if the functional 

(6.3) F = (e I [ip{f),^{g)] I ^) = {e\ {ipifMg) - ^{gMf)) \ ^> , 

is carried by the set M^' = {{zi, Z2) G [ zi — 2:2 G V^'}, for any vectors 0, G Dq, i.e., 
if the functional F can be extended to a continuous linear functional on ij(M^'). Here, 
denotes the complex ^-neighborhood of the light cone V+ 

= \^ze<C^\ 3 X G y+,|Rez-a;| + |Imz|i < ^} . 

The remaining of this paper deals with the proof of some important theorems in a quantum field 
theory, namely the proofs of the CPT theorem and the theorem on the Spin-Statistics connection 
in the setting of a quantum field theory with a fundamental length. The proof of these results as 
given in the literature [25]-[28] usually seem to rely on the local character of the distributions in an 
essential way. In the approach which we follow the apparent source of difficulties in proving these 
results is the fact that for functionals belonging to the space of tempered ultrahyperfunctions the 
standard notion of the localization principle breaks down. 
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For simplicity wc shall discuss the case of a scalar field. Let <J> be a Hermitian scalar field. For 
this field, it is well-known that in terms of the Wightman functions, a necessary and sufficient 
condition for the existence of CPT theorem is given by: 

(6.4) Wmixi, . . ■jXm) = Wm{-Xm, -Xl) . 

Under the usual tcmperedness assumption, the proof of the equality (6.4) as given by Jost [30] starts 
of the weak local commutativity (WLC) condition, namely under the condition that the vacuum 
expectation value of the commutator of n scalar fields vanishes outside the light cone, which in 
terms of Wightman functions takes the form 

(6.5) W^{xi,...,x^) -W^{xjn,---,xi) = , for xj - xj+i e ■ 

Jost's proof that the WLC condition (6.5) is equivalent to the CPT symmetry (6.4) one relies on the 
fact that the proper complex Lorentz group contains the total spacetime inversion. Therefore, the 
equality (6.4) holds, taking in account the symmetry property = —^m in whole extended ana- 
lyticity domain, by the Bargman-Hall- Wightman (BHW) theorem. In particular, the BHW theorem 
has been shown [15] to be applicable to domains of the form = + V+{i[, . . . 

Then, the Wightman functions depending on the relative coordinates WmiCij ■ ■ ■ yCm-i) can be 
extended to be a holomorphic function on the extended tube 

=^m-l = { (ACl, • • • , ACm-l)) I (Cl, ■ ■ ■ , Cm-l) € A £ =Sf+(C)} , 

which contains certain real points of type of the Jost points. 

In order to prove that CPT theorem holds in QFT with a fundamental length in terms of 
tempered ultrahyperfunctions, an analogous of the WLC condition is now formulated: 

Definition 6.1. The quantum field $ defined on the test function space Sj{T{W^)) is said to satisfy 
the weak extended local commutativity (WELC) condition if the functional 

F = 2Brn(^l, ■■■,Zm)- Wm{Zn, ■ ■ ■ , Zi) , 

is carried by set Mj' = | (zi, . . . , z^) € C^"^ ] Zj — Zj+i G V^'^ . 

The WELC condition takes the form WmiCii ■ ■ ■ i Cm-i) — W^m(— Cm-i, • • • , — Ci) in terms of the 
Wightman functions depending on the relative coordinates Q = Zj — zj^i € V^' . 

Proposition 6.2 ([19]). In a quantum field theory defined on the test function space f)(T(M^)), 
the Wightman functions Wm{Ci, ■ ■ ■ i Cm-i) ctnd Wm{—Cm-i, ■ ■ ■ , — Ci) ''satisfy the following equality 
^m(Ci) • • • ) Cm-i) = Wmi—Cm-1, • • • ; ^Ci) on their respective domains of holomorphy. 

We now are in a position to state the main results of this section. Combining the spectral 
condition (6.2) with the Lemma 3.3 and the theorems established in Sections 4 and 5 of the present 
paper, we can proceed as in Soloviev [1, CPT Theorem] and [2, Spin-Statistics Theorem] — by 
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replacing the reference to the spaces (or Z) and S'^ (or Z') by a reference to the spaces and 
Sj' , and considering that .y" C H' C ^' and .y" C S)' C Z', with the injections being continuous 
— in order to show that the following theorems are true to a quantum field theory defined on the 
test function space ^(r(M^)). 

Theorem 6.3 (CPT Theorem). In order to a quantum field theory defined on the test function 
space i3(T(M'^)) to be invariant under the CPT- operation is necessary and sufficient that the WELC 
condition is fulfilled. 

Theorem 6.4 (Spin-Statistics Theorem). Suppose that ^ and its Hermitian conjugate <^>* satisfy 
the WELC condition with the "wrong" connection of spin and statistics. Then $(x)i7o = ^*{x)VLo = 
0. 
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